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Abstract. We study the generalization ability of a perceptron as a function of the structural
similarity between teacher and student. To this end we consider a teacher perceptron
B designed to implement a certain number of random input-output mappings and a
student perceptron J trained with inpul-output examples generated by the teacher. If
the pattern sets of teacher and student overlap, different combinations of teacher and
student learning rules result in different generalization probabilities. Generalization can
be facilitated or can be hindered depending on the combination of leaming ruies and
the storage levels of teacher and student. Analytical calculations of the generalization
ability for several combinations of teacher and student learning rules are in very good
agreement with numerical simulations.

1. Introduction

One of the more interesting problems in the theory of networks of formal neurons
concerns their ability to generalize. By this one has in mind that a network
can infer a rule from input-output examples produced by this rule (for recent
reviews see [1,2]. A model situation amenable to a statistical mechanics analysis
is provided by a perceptron J, referred to as the student in the following, trained
with input-output configurations which are generated by another perceptron B,
called the teacher [3,1]. To be precise consider a set of o /N N-bit patterns
g* = {E;r‘}, j=1,...,N; p=1,...,aN gencrated at random with £} = +1
with equal probability. The teacher B associates with every input vector £ an output
n* according to

N
n* =sign(B . £*) = sign( Bﬁf’) . ¢y
i=l

Using a special learning rule the student J is then trained to reproduce these input-
output relations {£*,n*}. The gencralization ability is defined as the probability
(averaged over the statistics of the patterns) that for an additional random input
vector ¢7+*! the output of teacher and student are the same:

() = (Prob{(B - €7+1)(J - €7*1) > 0}), . @

Clearly g(a, = 0) = 0.5 which corresponds to a random guess and g(a, — 00) — 1.
Remarkably the detailed dependence of the generalization ability g on the number

0305-4470/92/246649+-20507.50 © 1992 10P Publishing Lid 6649



6650 L Reimers and A Engel

a,N of training examples is independent of the particular teacher perceptron B as
long as the B, are uncorrelated with the patterns . In fact it turns out that g(a,)

depends only on the norm {|B|| = /3. BJ?’ of B. Consequently the interest has

focused on the properties of the siudens and g(o) has been determined for several
interesting situations such as different Jearning rules of the student [4-8], perceptrons
with binary synapses [6], ‘intelligent’ students selecting the examples according to their
present state of knowledge [9, 10] and ‘complex’ students as exemplified by multilayer
perceptrons [11,12].

In the present paper we are interested in the complementary problem, namely
the dependence of the generalization ability of the student on the structure of the
teacher. To this end we assume that the teacher B is a perceptron also designed
by a special learning rule to implement o N input-output relations {¢*, 7}, where
now the (¥ as well as the 7¥ are independent random variables. The so-constructed
teacher then associates an output n# to all questions £# of the student according to
(1) and the generalization ability is again given by (2). It is clear that there will be no
difference to the case of an uncorrelated teacher described above if the pattern sets
{¢¥} and {¢*} are disjoint. If, however, part of the student’s questions {£*} belong
to the patterns {¢*} the teacher himself is trained with non-trivial correlations, with
interesting consequences.

Our main interest will be to study whether the generalization ability is different for
a teacher and a student using the same learning rule, ie. being ‘structured similarly’,
as compared with two perceptrons using different learning rules. It scems at first
sight that it will always be advantageous to the student to ask questions out of the
set {¢*}; this is, however, not the case. Moreover, it is interesting to investigate
whether the very peculiar phenomenon of ‘overfitting’ as found for a student using
the pseudo-inverse rule to generalize an uncorrelated teacher {5] can be compensated
by using a teacher also designed by this rule.

The paper is organized as follows. In section 2 we briefly review some results on
the generalization ability for an uncorrelated teacher relevant for a later comparison
with our findings. Section 3 defines our model and sketches the determination
of g{a,) for several combinations of teacher and student learning rules. Some
representative calculations are discussed in somewhat more detail in the appendices.
In section 4 we discuss our analytical results and compare them with numerical
simulations finding very good agreement. Finally section 5 contains our conclusions.

2. Generalization from uncorrelated teachers

In this section we briefly review the results obtained for the generalization ability in
the case of an uncorrelated teacher which we need for later comparison. We mainly
refer to the paper of Opper et al [S]. The teacher perceptron is given by an arbitrary
vector B € R with norm || B|| = v'N. The student’s questions are random patterns
¢, u=1,...,0N where the £ are independently chosen to be +1 with equal
probability. It is essential that B is the same for all realizations {£#} of the patterns,
ie. there are no correlations between the structure of the teacher and the questions
of the student. The corresponding answers n* of the teacher are given by (1). We
consider three learning rules for the student in detail:
(i) The Hebb rule. Here J is explicitly given by
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W/ﬁ

// Figure 1. Two-dimensional hyperplane in
7 the space of patterns {£#} spanned by

///m // the synaptic vectors B and J. Teacher
///]Bn and student give different output for

W/W patterns with projection in the shaded
/ region. For large N the generalization

ability will thus approach g = 1—/mw =
1-(1/m) cos~1p.

1
J. = Bk, 3
NN Zﬂ)fj n 3)
(ii) The pseudo-inverse rule. J is defined as the vector minimizing
1 2
B =Y (n - =) @
2 i

For a, < 1 the minimum of E is zero and there are different vectors with this value
of E. J is then defined as the vector with E(.J) = 0 and minimal norm. For o, > 1
(4) defines J uniquely.

(iii) The optimal perceptron. Following Gardner [13] .J is defined as the vector
with norm ||J|| = v/N maximizing the so-called stability

.1
m:nﬁnﬁ"’zl]jﬁj‘-‘n“. 3]

All the analytical calculations are done in the thermodynamic limit N — oo, The
generalization ability g(«,) as defined by (2) then depends only on the normalized
overlap

B.-J
o) =g, ©

between the synaptic vectors of teacher and student and is given by [3]

glay) = 1= ~cos™" p(ay). )

Figure 1 gives a geometrical interpretation of this relation. The overlap (6) can be
calculated analytically for the three student learning rules defined by (3)—(5). The
results for g(o,) are summarized in figure 2. For o, < 0.4 the three learning
rules give rather similar results for g whereas for large o, the optimal perceptron
generalizes best. Very remarkable is the minimum of g{«;) at o, = 1 for the pseudo-
inverse rule. The decrease of the generalization ability for 0.6 < o, < 1 5 called
‘overfitting” and is due to the fact that the student tries to reproduce the examples
too accurately [14].
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glag)

Figure 2. Generalization ability as
a function of the relative number of
training examples for an uncorrelated
teacher and different student learning
rules; fuil curve: pseudo-inverse rule;
broken curve: oplimal perceptron; dotted
curve: Hebb rule (from [5]).

9

Figure 3. Partition of the set of examples in ‘known’ and ‘unknown’ questions.

3. Generalization from educated teachers

We now study the sitwation where the teacher has been designed himself by some
learning rule. Accordingly the couplings B were adjusted to realize a given set
of random input-output relations {¢*,7*}, v = 1,...,aN. The student is then
trained with examples {€*,n*},u = 1,...,a,N, where the £# are again chosen
randomly and the n* are generated by the teacher according to n* = sign(B - £#).
As explained in the introduction the interesting situation arises if the pattern sets
{¢#} and {¢¥} do overlap. We therefore assume

(’“' = E“' for p'=1,...,va,N (8)

with 0 € v € 1. Hence the student asks ya N questions ‘known’ and (1 - y)e, N
questions ‘unknown’ to the teacher. The relation between the pattern sets {£#} and
{¢¥} characterized by ~ is schematically depicted in figure 3. Note that since ¢ is
fixed during a learning session of the student we have always o, € o,/~. Hence the
curves g(o,) for fixed ~ will not continue to o, — oo but end at a, = o /7. It is
impossible to continue learning beyond this point without reducing the percentage <y
of known examples.

In order to calculate the generalization ability g(«,) one has to determine the

overlap
B-J
— ——— 9
o= (i) ®

where the average is over the distributions of ¥, 7% and £*. Note that for v = 0 or
a, — oo we are dealing with an uncorrelated teacher and therefore have to reproduce
the results discussed in section 2.
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In the present section we discuss the calculation of g(«,) for a Hebbian student
generalizing a Hebbian teacher (case A) and for a Hebbian student generalizing
a pseudo-inverse teacher (case B). We sketch the derivations for a pseudo-inverse
student and a Hebbian teacher (case C) and finally a pseudo-inverse student with a
pseudo-inverse teacher (case D). The latter two cases are explained in more detail in
the appendices. The results are discussed together in the next section.

Case A. Let us first consider the simplest case where both teacher and student use
the Hebb rule. We then have

C!(N
V(Y j=1,...,N 10
\/W Z s (j ) (10)

1 a N
J, = sign(B-£4)e*  (j=1,...,N). (11)

J /asN E | ¥
For N — oo the distributions of R := & B-J, &|[B||> and %|.J||* become sharp
and we have

(®)

(12)
SN

From (10) we immediately find (% (|B|?) = 1. To average R and % ||J||* we have to
distinguish between known and unknown examples:

R=—LB J—L%:ngn( - cﬂ)LB ¢
N N. /o, = VN vN
- Oiv si n(LB-g*‘")LB-eﬂ"—R + R,. (13)
N f—as u'lz’ya.N+1 g fN fN - k (TR

For fixed ¥ and (¥, VIEB - ¢*" is a Gaussian random variable with mean 0 and
variance {%||B||*). This yields

(B = (1= 1) 2a,.

On the other hand 71'1\7B .¢* is for fixed 7¥ a Gaussian random variable with mean
r#' [ /@&, and variance 1, giving

(Rk)=7\/z::[l—2hr(-\/l?_l)] +7\/§exp(_§?11_l>

where H is defined by H(z) = Tdt(l/\/z?) exp(—~12/2).
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So we get

e e vl B

(14)
In order to calculate (-(|lJ]|*) we have to distinguish three cases of double sums

since L||J||? is quadratic in E“'N s:gn(v—-B §*)&Y. Averaging each term gives
similarly

(FIIF)=1+af2 (1—7)2+z~f(1—~f)[\/:[

N
(=)

For v = 0 or &, — oo we find from (14) and (15)

(R =yf2a,  {FIaP) =1+ 20, (16)

ie. the well known results for an uncorrelated teacher [4,5].

Case B. Next we consider a Hebbian student generalizing a pseudo-inverse
teacher. The student’s couplings J are still given by (11). As in (13) we write
R=R,+ R, The calculation of R, is almost identical to the previous case

and gives (R,) = (1- v)\/(2/7)e,(F||B|*). Restricting ourselves to «, < 1
we have —-B - (* = r# and hence (R,)=~,/&. In order to calculate

(Z|B|?) and (&|IJ}]*) we represent the pseudo-inverse rule by an integral over
the space of couplings B [13]. In this way we get {&||B||*) =((¥||Bl|]*}5) and
(FNTIE = (TP 5) with

[ a1 a( - Job-c)601B1E - N Q) 1(B)
(f(B))p = Jim —= .oan
[ fLan, 1 st - - costimie- ey

The fimit of minimal norm @, — min eliminates all components of B orthogonal to
the subspace spanned by the patterns {¢*}. Using standard techniques ([13], see also
appendix A) we get (%|IB||") = o /1 — a,. A similar calculation can be performed
to determine (&[|J||?). We finally find with (12)

(1-+) _O‘ + Yy _L(I - ay)
(14 20- e, +2/Fv01- v)a,\/%)m

Again v = 0 gives the result (16) for an uncorrelated teacher.

p= (ay < 1). (18)
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Case C. In the complementary case of a pseudo-inverse student generalizing a
Hebbian teacher the teacher’s rule is explicitly given by (10). It is again convenient to
represent the pseudo-inverse rule by an integral over the space of couplings J. Let
us first consider the case o < 1. Similarly to (17) we then have to calculate (p),
where :

HdJ H 5(n* — VE&'J'E“)M”JHZ“NQS)Q(J)
(g(I)); = Q]im j=l p=1 | )
,-EII‘”J' }l 5(ns — Jod -€)8(11717 - NQ,)

The pattern average can be performed using the replica trick. The resulting
integrals are disentangled introducing order parameters and the remaining integrals
are calculated by the saddle-point method. Some details of the calculation can be
found in appendix A. Assuming replica symmetry p can be determined from the
following saddle-point equations:

=g A= (o2 gef-an ()]

o e e ) B

1 - o

N R )

Again v = 0 or o, — co lead to the results for an uncorrelated teacher [5]

Qs=

with

Y
R=1/2a, @=%"F @1

m 1— o

For e, > 1, {g(J))}, is not well defined by (19) and wc have to use instead

a, N
sy e[ -68 (0 = o))

(9(I)), (22)

a, N 2
] Ml a7 exp | - 65 (- o) |
This form takes into consideration the fact that for o, > 1 no vector J exists which

makes the quadratic form in the exponent exactly zero. A calculation almost identical
0 o, < 1 now yields

w=(1-2)u+ el (F))

_142(a,-HMRE-(1- Lym? - 2\—/7;:M[1 - 2H(%¢)]

o, — 1

(23)
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with

N |

As before we find the correct behaviour for v = 0 and a, — oo [5]:

2 14+ R¥a,~2)
R = —_ = —s

T @ o — 1 (@9
Note that for o, — 1 from above as well as from below @, diverges, implying
g(e) = 0.5,

Case D. 1In order to calculate the overlap p between teacher and student for the
case in which both use the pseudo-inverse rule we write p as an integral over the
coupling spaces of teacher and student:

= (B, e e

where the averages are defined in (17), (19) and (22). In order to do the
pattern average in (25) we introduce replica-indices a = 1,...,m for the B; and
a = 1,...,n for the J;. Note that the average over J in (19) depends via n*
parametically on B, hence the J-average has to be done before the average over B.
Accordingly the limit » — O has to be taken before the limit m — 0. This will be
important to get the correct saddle-point equations for the order parameters (see
appendix B). These are, for a, < 1,

2
g bQ-rab(1+Qo+va, U Muysg

1-~va, l-vyao, 26)
_ &5 bz[Qt - 705(1 + Qt)] - 2‘Yasb _ %
Qs - 1 Ql 1
— oy — oy
and for o > 1
VE+s(1-a+ )y 3
k= 1 =1,
! ‘ @n
0.= 1-2a, 4+ 2(a,— )R ;%2—‘+7%(1+%)—2'y ;:é—?:
T a,—1
with
o= R
V@Q,
For v+ = 0 we get back the results for a pseudo-inverse rule generalizing an

uncorrelated teacher (see (21) and (24)).
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4. Results

Let us first consider the case where both teacher and student are designed by the
Hebb rule. In figure 4 we plot the generalization ability g versus «, for o, = 0.1 and
different values of the parameter ~ describing the overlap between the pattern sets
of teacher and student. The curves show the expected behaviour. With increasing -y
the student is more and more trained with the same patterns as the teacher and the
generalization ability grows. Note, however, that even for 4 = 1 the curve does not
end at g{o, = o) = 1 because the teacher made a small percentage of mistakes in
learning his patterns [15]) so that the student does not, in all cases, get the answers
the teacher was trained with.

1.01 .

Figure 4. Generalization ability versus
relative number of training examples
for a Hebbian student generalizing a
Hebbian teacher with oy = 0.1. The
parameter ¥ has values 1,09,...,0
(from top to bottom). The circles are
simulation results for system size N =
50 for v = 1,0.5 and 0 respectively
averaged over typically 20 000 samples of
random patterns.

g(as}

It is somewhat surprising that the value of g at the endpoints of the curves
decreases with increasing o,. Consider, for example, the two curves for v = 1 and
v = (9. The endpoint of the v = 0.9 curve corresponds to a student who has
asked 0.11N questions 0.1N of which were those the teacher had learnt himself.
Since the succession of questions is irrelevant we can imagine that the student first
asks these questions. His generalization ability is then given by the endpoint of the
v = 1 curve, ie. g =~ 0.98. Asking now the remaining 0.01.N questions g decreases
to g ~ 0.90. Naively one would expect g to continue to increase since the additional
questions yield additional information about the teacher to the student. Although
this is true the Hebbian student is not able to use this information properly. In
fact he overestimates it thereby reducing his similarity with the teacher. An extreme
example is given by two identical perceptrons B = J, i.e. g exactly equal to 1. If the
student nevertheless poses an additional question £* he gets an answer #* and has
to increment his couplings by AJ ~ £#n#. Therefore teacher and student now differ
from each other and g will decrease from 1.

Figure 5 shows that the behaviour remains qualitatively the same for larger values
of «,. Still it is advantageous to the student to ask thosc questions the teacher was
designed with although he will already get approximately 14% wrong answers for
o, = 1. For o, — oo all curves collapse to the v = 0 curve identical to the Hebb-rule
result of figure 2.

Consider now the case where a Hebbian student generalizes a teacher designed
by the pseudo-inverse rule. As shown in figure 6 the behaviour is rather similar to
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alag)

&s Figure 5. Same as figure 4 for a = L.
1.04
09+ 77
~—~ 0.84 ///
0
2
o
0.74 =0
0.6+
0.5 T T . - — ;
o o2 o s 0B T Figure 6, Same as figure 4 for a Hepblan
student generalizing a teacher designed
g by the pseudo-inverse rule with o = 0.1.

the case discussed above if o, is small. This was to be expected since for small o,
the synaptic vectors B produced by the Hebb rule and by the pseudo-inverse rule
are not too different. So again it is advantageous to the student to ask the teacher
the known questions, The resulting values of ¢ are always slightly below those of the
previous case with the largest deviation occurring at the end point of the v = 1 curve
where now only the value g >~ 0.90 is reached.

The situation is markedly differrent for larger values of o, Figure 7 shows the
results for o, = 0.9. For a given value of o, the generalization ability is now
decreasing with increasing . Hence it is now disadvantageous to the student to ask
those questions the teacher has learnt himself. The reason for this is that the synaptic
vector B produced by the pseudo-inverse rule at sufficiently large values of ¢, is rather
different from the one resulting from the Hebb rule. The best strategy for the student
to generalize is therefore now to ask questions the teacher has never heard of. Then
the generalization ability is the same as for an uncorrelated teacher. Any overlap
with the questions the teacher has learnt himself will reduce the generalization ability
since teacher and student use rather different internal structures to store the required
input-output relations.

The complementary case is given by a student using the pseudo-inverse rule to
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1.0+
0.9
y=0
0.8
0
2
) /
0.7
=
0.6 .
=1 Figure 7. Same as figure 4 for a Hebbian
student generalizing a teacher designed
0.5+ T \ T \ T T by the pseudo-inverse rule with a = 0.9.
! z 3 + 3 6 The values of v are 0,0.1,...,1 (from
o top to bottom).

g(ag)

Figure 8  Same as figure 4 for a
student using the pseudo-inverse rule
to generalize a Hebbian teacher, v =
1,0.9,...,0 (left from top to bottom).

generalize a Hebbian teacher. As can be seen in figure 8 it is, for small o, again
advantageous to the student to ask the teacher the known questions. However, with
increasing values of o, the student uses an internal structure becoming more and
more different from the one of the teacher and accordingly becomes more confused
than enlightened from the answers of the teacher to these questions. So if the student
is allowed to pose only a rather limited number of questions he should choose the
questions the teacher has learnt himself. If, however, he may ask many questions he
should avoid these and try to make up his own mind. Note that the results of the fast
two cases are consistent with each other although they have been obtained by using
rather different techniques.

Finally we discuss the case of two perceptrons using both the pseudo-inverse
rules. In particular we are interested to see whether it is possible to compensate the
decrease of g around o, = 1 by using a large enough value of ~. For small values of
o, we get results similar to figure 8 as expected. For o, = 0.9 the behaviour of g{«,)
is shown in figure 9. One clearly sees that the overfitting phenomenon persists and in
particular that always g(c, = 1) = 0.5 as can also be seen analytically from (26) and
(27). With increasing -~ the maximum of g( o) is shifted towards larger values of «,

s0 there is at least a tendency to reduce overfitting. For v+ = 1 we have o, < o, = 0.9
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g(as)

Figure 9. Same as figure 4 for both
teacher and student uwsing the pseudo-
inverse rule and o = 09, =
0,05,09 and 1.0 (left from top to
botlom). Simulation results are for ¥V =
50 averaged over typically 3000 samples
of random patterns.

o)

Figure 10, Normalized overiap p
belween two perceptrons using different
learning rules for stering the same
palterns as a function of the storage
matio o,  Full curve: pseudo-inverse
rule versus optimal perceplron; broken
line: pseudo-inverse rule versus Hebb-
rule; dotted curve: FHebb rule versus
o optimal perceptron,

and hence no overfitting occurs at all. Note that now it is disadvantageous for small
values of ¢, to ask questions the teacher has learnt himself and becomes increasingly
helpful for larger values of . This can be clearly seen from a comparison of the
curves for y =0and vy = 1.

We have also studied the cases where a teacher designed by the optimal
perceptron rule is generalized by a Hebbian or a pseudo-inverse student as well as
the complementary cases of a student using the optimal perceptron rule to generalize
a Hebbian or a pseudo-inverse teacher [16]. The analytical calculations are rather
similar to the cases where instead of the optimal perceptron rule the pseudo-inverse
rule is used. As long as « is not too near to 1 the results are qualitatively the same (cf
also figure 10; see below). If both teacher and student use the optimal perceptron rule
the calculations can also be performed, although the resulting saddle-point equations
become more complicated.

5. Summary

In the present paper we have analysed the generalization ability g(«,) of a student
perceptron J on the basis of input-output examples {£#,n”} generated by a
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teacher perceptron B. Contrary to most previous studies which concentrated on
the dependence of g(c,) on the properties of the student alone we were interested
in the influence of the structural similarity between teacher and student. Somewhat
related problems that were studied in the literature concern the generalization ability
for a binary teacher B; = %1 and a student with continuous synapses [7] as well
as the dependence of g(«,) on different continuous input-output characteristics of
teacher and student [17].

In the present study we have assumed that the teacher perceptron is designed
using some learning rule to store a given number of random input-output mappings
{ ¢¥,7"}. If now a fraction ~ of the student’s questions £# are identical to some of
the patterns ¢¥ which the teacher was trained with himself, interesting correlations
between the learning rules of teacher and student arise. As representative examples
for learning rules we have used the Hebb rule, the pseudo-inverse rule and the
perceptron rule of optimal stability. We have determined the dependence of the
generalization ability g(«,) on the fraction v of identical patterns in the training sets
of teacher and student for all possible combinations of the above-mentioned learning
rules except for the case where both teacher and student use the perceptron rule.

Our main result is that overlapping pattern sets, ie. v > 0, can be both
advantageous and disadvantageous for optimal generalization. They are advantegeous
if teacher and student are structured similarly, as when they use the same learning
rule and have similar storage ratios o, = «,. On the other hand they can affect
generalization adversely if different rules are used and/or the storage ratios are
markedly different, The reason for this is that using different learning rules for
storing the same set of patterns may result in rather different synaptic vectors for
teacher and student. This has also been discussed recently by Wong er al [18]. In
figure 10 we piot the normalized overlap between teacher and student as a function
of the storage ratio « for different combinations of learning rules storing exactly
the same set of patterns. For small values of « the different synaptic vectors are
still rather similar but become more and more different with increasing «. One also
clearly sees that the pseudo-inverse rule produces for values of o around 1 a very
special synaptic vector [14]. If now a Hebbian student tries to generalize a pseudo-
inverse teacher the same patterns are stored internally in a rather different fashion
and it is hence questionable whether overlapping pattern sets are helpful. In fact our
results show that for not too small values of o, the student should avoid questions
out of the pattern set the teacher learnt himself. The generalization ability is higher
if he adapts to the answers n# the teacher gives on questions £# that do not belong
to his own training set. For given values of «, and o, the storage ratios of teacher
and student respectively, we have never found an optimal value of + somewhere
between the extreme cases v = 0 and v = <,,,. That means that for getting a
high generalization probability one should, depending on o, and o, either avoid
completely any correlation between the pattern sets of teacher and student or use
them as much as possible,

Another interesting result concerns the case where both teacher and student
use the same learning rule. Posing questions out of the teacher’s training set the
generalization ability increases rather quickly. If now some questions not contained in
the teacher’s pattern set are added the generalization ability can again decrease. This
seems strange since any input-output pair produced by the teacher yields additional
information about the teacher to the student. Nevertheless it is difficult for the
student to use this information properly. As we have shown it is rather likely that he
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overestimates the information in the additional examples, which results in an effective
synaptic noise that reduces the generalization ability.

Finally we were interested to see whether the very peculiar phenomenon of
overfitting of the pseudo-inverse rule could be compensated by using a teacher also
designed by this rule. The result is negative. Although it is possible to narrow the
interval of «,-values where g(a,) is small by using large values of v we find always
g(a, = 1) = 0.5. The reason for this is the singular norm of the synaptic vector
produced by the pseudo-inverse rule for o« — 1 (cf also figure 10),
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Appendix A

In this appendix we perform the replica calculation for a pseudo-inverse student
generalizing a Hebbian teacher. For o < 1 we start with (19) which, introducing
replicas, can be written as

. RN, 1
o= gim, i { [ T Too7 1T I o (s - om0

a=1lj=1 p=1 o=l

B.J!
(|| TP = NQ Al
< IL 0 iIBll\/W> (A0

In order to perform the average over =%,( J" , Ej’f‘ we introduce

o N

\/WZTCJ G=1...,

N)

u”:ﬁB-ﬁ”‘ (u=1,...,0N)

via é-functions and their Fourier representations
o= lim /HdJ“ /H exp (%NQSZE"' —aYe Z(J;’)Z)
o o j
/HdB dA, exp( ZA 8 )
/H et /H du”ds exp (IZ zH*sign(ut) + iz u“s”)
u

ap

X <exp( Z zho IR el — iNZs"B,-Ef

(A2)

Jam AT )>||Bu\/N—Q:
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We now average over {; and {j.‘ and introduce the order parameters

ﬁ::j—ir-z..]fjf (,B=1,...,n a#g)
7

1 o
R"'::—N-ZBJ-Jj {a=1,...,n)
. (A3)
M“::WEAJ.J;" fa=1,...,n)
7
_ 1
7
We then obtain
- dydz dq“ﬁdf“‘ﬂj de® dR*AG™ AMed ™
"‘c':?‘.’,'hfzw/Nf}_[ 27N H Ar 2n/N  2n/N
Rl [N( . i o p af rof
X —=exp —Iy2+zQsZ€ —lzfls f
V s LA & a<f
-iy R"G“—iz M*K® 4+ G,(e,f,G, K, z)
24 [23
+ (1 - ﬁY)asGl(qp R) + "YO’SG;(QS, Ra Ms y))] (A4)
with
dAdB [+ : o a2
G2=log/-—21r—-/]_;_[cu exp(l(1+z)AB—T——Z (J°)
+iy f"ﬁJ“'J'@+1BZG°’J°‘ +|AZI\°J°)
agf
duds , s? P &
G = long / exp 1us—7—sZR x +1sngn(u)2w
(A5}

S POCORTI ALY

“azp

log/H dUdS exp (ms—— ———sZR"m“+151gn(u)Za:
z( s zqaﬂ oy ﬂ_%zwmo \/y_)

We solve the integral by the saddle-point method and use a replica-symmetric ansatz
for the order parameters. This gives
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R n ‘ 2. .
Q exp{NEemry,z,e,f,q.,H,G,M.K [;[_ly‘z - IOg(l + z)]

p = lim
nh

2 )+f-2{i—‘5+zfrcfv
i(e+ f) e+ f

+iQ,e+ig f—21RG -2iIM K +log (

- é+—cgqs — Oy log[ZW(Qs i QS)] + 2(1 - 7)“8\/—2__ i

m Qs" qs
e (52 ¥ 4 Lz
Qs — 4 ( ZJ:RGXP (zal) + al(lM)

L))

Since all saddle-point equations are algebraic we can solve them analytically.
Note that the derivative 8{..-}/8y = 0 yields = = O(n) and therefore
log(l+2)=2z+0(n?), [1/1+z2]=1-2z+0(n?) and [1/(1+2)°=1-22+
O(n?). Taking finally the limit of minimal norm in the form ¢, — Q, we find (20).
For «, > 1 the calculation is almost identical except for Q, becoming a saddle-point
variable. The saddle-point equations result in (23).

+

Appendix B

In this appendix we perform the replica calculation for a pseudo-inverse student
generalizing a pseudo-inverse teacher for oy, < 1. We start from (25):

f— him BTm lm lim d J&
= ool i, tm{ f [T 1% [ TLITe
alN m 1 m
X §( ¥ — —==B°. ") 5(|B*F - NQ
V=101_=11 ( N c a=1 (” ” t)
s (senmt - o) [ ot
x 6(sign(B' ) - =3¢ ) [T s - N Q)
p=la=l \/N a=1
1, g1
x B\ (B1)
N./QQ,
We introduce u*’ := B! - £*" for the unknown examples (u" = vo,N +
1,...,0,N) only since sign(B - ¢*') = r* for the known examples due to

o <1 (¢# = ¢# 1y = 1,...,va,N). Using Fourier representations of the
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§-functions we get
: . o dE®
szung‘n]HdB deJ /H /H
x exp( NQtZ E° — —ZE“ Z(B“)2

axve : va _v dm“‘a . "o _p'
x-[[‘[ " exp(uEX T )/g P exp(lazwa:" r“)
jH dz#’ a"/].—-[du"'l "ds#”

ap'

aptt

x exp (i S er e sign(ur”) 4+ iy u”‘“s””>

iy
/

(o (- gp o m - g T ereney

ap'j

___0;1 = af“ h \/_;S# 16# )>NB\1/%. ®2
We introduce the order parameters
q;*b:=%JZB;B; (a,b=1,...,m a#b)
q:'ﬂ==71,-§jJ;*Jf (@ B=1,....n afp) ®3)
R““::%ZB}‘J;‘ (a=1,...,m a=1,...,n).
J

This yields

dqabdpab dqaﬁdfaﬁ
Q,,Q,,mn_/H fH fH 2n /N ,/H 27r/N
aa a 11
y /H dRZTr;’lg \/gvexp [N (%QIZEE + %QsZea
—i) gt Ft Z q2P fof - .Z R** G + G,(E,Fe, f,G)

a<b ac

+ (= v0,)Gy(g) + (1 — 1)e,Gy (g, R) + vasG'(q.qs,R))]

(B4)
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with

— a o i a a2 i o a
Gznlog./l:IdB [];Id.] exp(—igE (B*) -i;e (J*)?

+id_ FB B +i)_ f*FuvJ% ¢ 12 G““"B“J")
a<b a<p

=]0ng—iar_exP (iZ;X“—%lZ(Xa)Z_iZq;:bxaxb)

agb

G = Iog/H ]dud exp (ms - -—s ZRI" - (BS)
+151gn(u)2m - -—Z( ayt_ 3 Z q“ﬂm“z'@)

a#f
]og/H jH—exp (iZX“—%Z(X“)Z Zq{*b‘{“xb
a a#b
+iZ-’L‘a Qs E(a:a)Z zzqaﬁ a ﬁ ZRaaXama) .
aAp ao

The order parameter integrals in (B4) can be solved by the saddle- -point method.
Since B! plays a special role we use the modified replica-symmetric ansatz

R = { Bp  le=1D Gox = {G” (a=1) (B6)
R, (a#1) G, (e#£1).
We then find

R, N
p= _ lim ex (-—extr mf(E,F,q
Ry oxo T [m Al 0

+ nfs(e, f1 qsaR(_)a RI,G(}n Gla Ee F5 ql) + O(mzsnzamn)]) (B7)

with

f, = iQ,E + iq F + log i(Ezi i Ei 5 c:nlogZW(Q.—c;.)—cn(;l?jr_q(;l

f, = iQ,e +ig f + log i(ez_:f) + ff—aslc’ngr(Qs—qs)—asés—J’_—q;—s
~2R,G, + 2R, G, + (Ei =+ (EfF)z)(Gg;‘j”z (BS)
+2 G,(G, - Gy) (14 Q)(Ry— Ry)’

E+ et ) (Q, - a)(Qi— )2

(14 R)(Ry— Ry) 21 — 2 Ry
e — e T TN 70,0 - g
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Now we first have to solve the saddle-point equations for the order parameters
e, [y g Ry, Ry Gy, G, from df, = 0. This yields

i(e+ )= 5
e (E+2F), iG (G, - Gy)
if = ©.— 4. (E+F)2(G” G:)z-fz- IE:-F 1
: (E+ F
l(Gu—G1)=(Ro‘Rx)l(—Q£"‘ES‘)‘
: (E+F i
1G1=RD—~—————1((Q fq; -(R[,_Rl)___‘(‘gtzqm (B9)
G ) = vo (Ry— Ry) (1= 7)o, 2
G- =R 0G0 aa | @
(1+q)(Ry— Ry) 1+ R,y

G, = vex

Q- Q-0 Q- )@=y .

(14+ QU(Ry— R))* (14 Ry)(R,— Ry)
(Qt_qt)z e Q- q )

Hence the saddle-point values of these order parameters still depend on E, F and Q,.
Next we take the limit n — 0 and determine the saddle-point values of E, F and Q,
from the Q{m)-terms alone. This procedure corresponds to the appropriate order
of limits {first n — 0, then m — 0) and reflects the fact that the teacher is not
influenced by the student but vice versa. Accordingly we get for I, F and @, the
standard saddle-point equations for the pseudo-inverse rule

if(Qs - qS)z = as(l + qs) + T

. 1 . % Oy
HWE+ F)= ———— = e = .
( ) Ql_qt (Ql—qt)z g l_at

Plugging this into (B9) we get (26). Note that becauwse of Ry — Ry ~ Q, — q, we have
Ry - R, — 0 for q — Q,. Taking, however, R; = R, = R already in the ansatz
(B6) makes f, independent of R and hence gives no equation for R,

In the case of oy > 1 the calculation is almost the same. The most important
difference is that Q, — Q% = £ ¥ J.(JJ‘?)Z becomes a saddle-point variable, the
saddle-point equation of which results from the limit § — co. We finally get (27).

(B10)

References

[1] Gydrgyi G and Tishby N 1990 Neural Nemworks and Spin Glasses ed W K Theumann and R Koberle
(Singapore: World Scietific)
[2] Watkin T, Rau A and Biehl M Statistical mechanics of leaming a rule Rew Mod. Phys. in press
[3] E Gardner and B Derrida 1988 [ Phys. A: Math. Gen. 21 257
[4] Vallet F 1989 Europhys. Lew 8 747
[51 Opper M, Kinzel W, Kleinz J and Nehl R 1990 £ Phys. A: Math Gen. 23 1581
[6] Gyorgyi G 1990 Phys. Rev. Leu. 64 2957
[7] Sompolinsky H, Tishby N and Seung H 5 1990 Phys. Reu Len. 65 1683
Seung H S, Sompolinsky H and Tishby N 1992 Phys. Rev A 45 4056



(8]
9]
(10}
[11]

(12]
[13]
[14]
(15)
(16]
17

18]

L Reimers and A Engel

Opper M and Haussler D 1991 Phys. Rev Lert 66 2677

Kinzel W and Rujan P 1990 Europhys. Lett. 13 473

Watkin T L H and Rau A 1992 [ Phys. A: Math. Gen. 25 113

Schwarze H, Opper M and Kinzel W 1991 Generalization in a two-layer neural network Preprint
University of Giessen

Schwarze H, Hertz J A 1992 Generalization in a large commitly-machine, Nordiza Preprin:

Gardner E 1988 L Phys. A: Math. Gen. 21 257

Vallet F, Cailton J-G and Ph Refregier 1989 Europhys. Leit. 9 315

Amit D J, Gutfreund H and Sompolinsky H 1987 Ann. Phys., NY 173 30

Reimers L 1992 Diploma-Thesis University of Gottingen

Bos 8, Kinzel W and Opper M 1992 The generalization ability of perceptrons with continuous
outputs Preprint University of Giessen

Wong K Y M and Rau A D 1992 Europhys. Len. 19 55%



